Introduction
Multi-stage service networks, where customers must visit several stations during a single service encounter, abound in modern economy. Examples range from call centers, where a typical service path may include an automated response system, followed by a generalist call-taker, and eventually (and if required) a specialist, to hospital emergency rooms, where the initial triage stage may be followed by any number of medical tests and procedures.
Literature Review -Other Policies with Idling
Note that the main idea behind TBP -idling an upstream station when a downstream station is facing a large workload -can be achieved by other policy classes. We next briefly review classes of policies that are discussed in the literature of manufacturing systems. Masin et al. (2005) developed a unified model that encompasses and compares a wide range of production control policies. We follow their exposition focusing on a serial manufacturing system with M stations, and each station i has an input pile, IP i , and an output pile, OP i , for i = 1, ..., M .
Let OP 0 represent an ample pile of raw materials, i.e., OP 0 = ∞. Each part waits in IP i before being processed at station i and then transferred to OP i ; and stays in OP i until it can be transferred to IP i+1 .
There are four well known static control policies (i.e., controls that are independent of the system state) are: Fixed Buffer policy (see, e.g., Conway et al. 1988 ) places a finite buffer F B i+1 between stations i and i + 1, i.e., IP 1 < F B 1 and OP i + IP i+1 ≤ F B i+1 for i = 1, ..., M − 1; Kanban policy, implemented by Toyota (Sugimori et al. 1977) , places an upper bound KB i on the total number of parts associated with station i, i.e., IP i + OP i ≤ KB i for i = 1, ..., M ; Constant work in process (CONWIP ) policy, first presented by Spearman et al. (1990) , places an upper bound CW on the total number of parts in the system, i.e., ∑ M j=1 (IP j + OP j ) ≤ CW (For a recursive calculation of several performance measure in a resulting closed queueing network see Solberg 1977) ; Base-stock policy (see, e..g., van Ryzin et al. 1993) , places an upper bound BS i on the total number of parts at the downstream of station i, i.e., ∑ M j=i (IP j + OP j ) ≤ BS i for i = 1, ..., M . More sophisticated dynamic control policies where controls depend on the state of the system were also studied. Weber and Stidham (1987) considered a general model for control of service rates (µ i ∈ [0,μ i ]) in a serial or closed queueing network, where control policies depend on the entire state vector q = (q 1 , q 2 , ..., q M ) where q i = OP i−1 +IP i . They considered the sum of total inventory holding Author:
6 Article submitted to Operations Research; manuscript no. (Please, provide the manuscript number!) cost and stations operating cost as the objective function. They provided necessary conditions, called the "monotonicity result", for any control policy to be optimal: 1) the optimal service rate at station i does not decrease as a customer finishes service at another station; 2) the optimal service rate at station i does not increase as a customer finishes service at station i. They apply their monotonicity result to models where stations can only be turned on or off (µ i = 0 orμ i ) and
show that it is optimal to turn an off-station on as the numbers of customers at its downstream stations decrease, or as the numbers of customers at upstream stations increases. Note that the four control policies discussed above and TBP all satisfy this monotonicity result. Veatch and Wein (1994) considered the optimal control of a two-station tandem production/inventory system with a similar objective function. They compared these four policies, gave conditions under which certain simple controls are optimal, and computed the dynamic optimal controls using dynamic programming.
There are several conceptual differences between the control policies discussed above, tailored to manufacturing systems, and the TBP, tailored to service systems. First, the main motivation behind developing policies in manufacturing setting is the control of expected inventory costs.
This motivation is different for service systems focusing on the effect of the distribution of waiting time on customers' experience. As we demonstrate below, this different motivations also leads to a different analysis. In fact, to the best of our knowledge, no analysis of the distribution of waiting times under the policies mentioned above is available; such an analysis appears to be subject to many of the challenges as in the analysis of the TBP. Second, another important modeling difference is that the control for manufacturing systems is often modeled as a make-to-stock system, whereas the control for service systems must be modeled as a make-to-order system. Third, from a modeling perspective, the supply and demand models are also different in a service system: the service at a first station is initiated by an exogenous arrival process and customers leave the system as they complete service at the last station, whereas in manufacturing the exogenous demand arrives to the last station. A final difference is with respect to admission control. In contrast to our model, where all customers are accepted, models for manufacturing system often operate with admission control where not all arriving orders are fulfilled. (Note that IP 1 is bounded in the four policies above, so not all arriving customers are admitted. Still, if all customers need to be admitted, IP 1 can be removed from all constraints. For example, a CONWIP policy could place an upper bound CW on the total number of parts without considering IP 1 , i.e., OP 1 + ∑ M j=2 (IP j + OP j ) ≤ CW .) Despite these differences, the control policies developed for manufacturing systems can be applied in service systems (sometimes with a few modifications). When applied in a two-station tandem queue service system without admission control, the Fixed Buffer, Kanban, CONWIP and Basestock policies can all be shown to be equivalent. To illustrate the equivalence of Kanban policy and Author: Article submitted to Operations Research; manuscript no. (Please, provide the manuscript number!) 7 Fixed Buffer policy note that a Kanban policy with KB 1 and KB 2 is equivalent to a Fixed Buffer policy with buffer size F B 2 = KB 1 + KB 2 between the two stations; and a Fixed Buffer policy with buffer size F B 2 is equivalent to a Kanban policy with KB 1 = 1 and KB 2 = F B 2 − 1. Thus, in the 2-station tandem queue service system we consider in the paper, we focus on a Kanban policy that idles Station 1 whenever q 2 ≥ BS, where BS is the size of the buffer between the two stations.
In this paper, we compare our TBP with the Kanban policy. Note that in the 2-station case, our TBP is a more sophisticated dynamic control policy, where the upper bound of q 2 is a linear function of q 1 , i.e., Station 1 is idled whenever q 2 ≥ q 1 + T H; and a Kanban policy idles Station 1 based only on q 2 ≥ BS irrespective of the value of q 1 , and thus -intuitively -it provides less flexible control than a TBP. This intuition appears to be supported by our results. For the asymptotic case when Station 1 has infinite processing capacity we derive closed form expressions for the P W (t) measure under a Kanban policy, allowing us to make analytical comparisons to a TBP. For the finite capacity case we use Monte Carlo simulation to compare TBP and Kanban policies. Our results indicate that, similar to a TBP, the Kanban policy allows for the trade-off between the P W (t) measure and expected service times. However, this policy appears to be less efficient than the TBP.
In closing this section we note that (i) the idea of intentionally idling a capacitated resource has also been considered by Afèche (2013) . In the revenue management context, he showed how such delays can allow a seller to differentiate between customer types and thus improve the overall profit. His motivation and analysis are much different than ours. (ii) Recent polices for control of manufacturing systems often considered prioritization among several customer classes, but are focused on a single stage system. Ha (1997a, b) was the first to discuss inventory rationing problems in a centralized make-to-stock system. He focused on base stock level production control. (iii) In the revenue management context, Caldentey and Wein (2006) developed a diffusion approximation for profit maximization with two classes of customers. They show that a dynamic control policy based upon the inventory or backlog level is effective.
Finally, we are aware that there are other policies that consider the entire system state. This paper serves as a stepping stone motivating the analysis of such policies in service systems.
Two Queues in Tandem -Preliminary Analysis
Consider the two-station tandem queueing network with two sequential single server stations and infinite buffer space discussed before. We define a simple TBP for this network as follows: upon completing service, Station 1 is idled and will not admit the next customer to service if δ(q 1 , q 2 ) = q 2 − q 1 ≥ T H. Station 1 will resume work once δ(q 1 , q 2 ) < T H. When no ambiguity arises, we will use δ instead of δ(q 1 , q 2 ). We denote T BP (T H) as the TBP with threshold T H. We say that a customer is stopped (at Station 1) if this customer is waiting at Station 1 while this station is idled.
Three events can occur in this tandem queueing network:
1. Arrival -arrival to the network decreases δ by 1. Arrivals occur with rate λ at any state.
2. Completion 1 -service completion at Station 1 increases δ by 2. This happens with rate µ 1 , if q 1 ≥ 1 and δ < T H (when Station 1 is not idled).
3. Completion 2 -service completion at Station 2 decreases δ by 1. This event has rate µ 2 , if q 2 ≥ 1.
Note that since δ decreases when Station 2 completes service or when a new customer arrives to Station 1, either of these two events may cause Station 1 to resume work.
From these three events, we conclude that there are two situations when Station 1 is idled: δ = T H or δ = T H + 1. When δ = T H + 1, Station 1 is idled, so only Arrival or Completion 2 can happen in the network. After a time period, which is distributed ∼ exp (λ + µ 2 ), one of these events happen, reducing δ to T H. Note that Station 1 remains idled. This sequence repeats and after another time period ∼ exp (λ + µ 2 ), δ is reduced to T H − 1, at which point Station 1 resumes work, and its idle period ends. We define stoppage as the time period from the moment when the value of δ changes and Station 1 becomes idled until the moment when either Arrival or Completion 2 happens. With this definition, when δ = T H + 1, customers in Station 1 experience two stoppages before Station 1 resumes work; when δ = T H, they only experience one stoppage.
Let Q i (t), i = 1, 2 be the random variable (RV) denoting the total number of customers at Station i (in queue and in service) at time t. Given T H, the process (Q 1 (t), Q 2 (t)) is a continuous time Markov Chain (MC). Let π q 1 ,q 2 denote the steady state probability of M C(Q 1 , Q 2 ). Let S be the sojourn time for any customer, i.e., S=total waiting time+total service time. Let ρ 2 = λ µ 2 . To investigate the trade-off between P W (t) and E[S] under the TBP, we first characterize the distribution of three steady state service measures: the waiting time at Station 1, W 1 ; the waiting time at Station 2, W 2 , and the sojourn time, S. We can calculate the distributions of these three measures by conditioning on the state (q 1 , q 2 ) seen by a random arrival. Let X q 1 ,q 2 be any one of these three measures experienced by a tagged customer (TC) who arrives in state (q 1 , q 2 ). Then, the steady state distribution of X can be calculated as
where the second equality follows by Poisson Arrivals See Time Averages. Similar to (1), the Laplace Transform (LT) of X can be written as
(2)
Asymptotic Case: Station 1 Has an Infinite Service Capacity
We next calculate the steady state performance measures under the TBP and compare them with the measures for the nonidling network and the Kanban policy when Station 1 has infinite capacity.
For convenience, we denote quantities related to this asymptotic case with aˆ, e.g.,Ŵ i is the waiting time at station i. A full list of notation can be found on is stopped. This stoppage lasts until either a new Arrival, which allows the system to process the first customer from Station 1 and sends the system to state (1, T H + 2), or Completion 2, which also releases the customer from Station 1 and sends the system to (0, T H). In general, whenever q 1 > 0, Station 1 is idled and the system is either in state (q 1 , q 1 + T H) or (q 1 , q 1 + T H + 1).
The steady-state distribution of this simple Birth and Death MC (similar to the solution of an M/M/1 queue), for q 1 = 0, q 2 = 0, ..., T H + 1 and for q 1 > 0, q 2 = q 1 + T H, q 1 + T H + 1, is:
Remark 1. If we consider q 1 + q 2 as the total queue length, this network has the same steady state probability distribution as a M/M/1 queue with ρ 2 = λ µ 2 . Because Station 2 works as long as there are customers in the network, the sojourn time is the same as the sojourn time in the system Author:
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Remark 2. Suppose the system is in state (q 1 , q 1 + T H + 1) for q 1 > 0 (Station 1 is idled). The next Arrival (Completion 2) event sends the system to state (q 1 + 1, q 1 + T H + 1) (state (q 1 , q 1 + T H)), with δ = T H, and Station 1 is stopped again. Thus, the next event must be another Arrival or Completion 2. Similarly, suppose the system is in state (q 1 , q 1 + T H) for q 1 > 0 (Station 1 is idled).
The next event must be Arrival or Completion 2, which will trigger a Completion 1 event and send the system to (q 1 , q 1 + T H + 1) or (q 1 − 1, q 1 + T H), respectively, with δ = T H + 1 in both cases.
Thus, as long as q 1 > 0, between any two Completion 1 events there are always two other events.
This leads to the following Proposition.
Proposition 1. LetM q 1 ,q 2 be the number of stoppages a TC sees before entering Station 2, given she arrives in state (q 1 , q 2 ). Then either q 2 < T H andM q 1 ,q 2 = 0, or
Distribution ofŴ 1 , Waiting Time at Station 1
In general, the TC's waiting time for Station 1 is composed of two parts: the service time of customers in front of her in Station 1 and the stoppages of Station 1. However, when µ 1 = ∞, the service time of Station 1 is zero, and thusŴ 1 is only caused by stoppage.
LetŴ q 1 ,q 2 1 denote the TC's waiting time at Station 1, given that she arrives at state (q 1 , q 2 ).
From Proposition 1, if q 1 + q 2 ≤ T H, TC sees no stoppage andŴ q 1 ,q 2 1 = 0; similarly, if q 1 + q 2 > T H, thenM q 1 ,q 2 = q 1 + q 2 − T H, so thatŴ q 1 ,q 2 1 is distributed as Erlang(λ + µ 2 , q 1 + q 2 − T H). Thus, using (2) and (3) the LT ofŴ 1 is
From the transform ofŴ 1 we conclude that there is no waiting in Station 1 with probability (w.p.) 1 − ρ T H+1 2 , and the waiting is distributed as an exp(µ 2 − λρ 2 ) RV w.p. ρ T H+1 2 . Hence,
Note that given waiting (i.e., w.p. ρ T H+1
2 )Ŵ 1 is distributed as the waiting time given waiting in an M/M/1 queue with arrival rate λρ 2 and service rate µ 2 . We next deriveŴ q 1 ,q 2 2 , the TC's waiting time at Station 2 given that she arrives at state (q 1 , q 2 ), and then use (2) to calculate the LT ofŴ 2 . Let K be the RV denoting (we omit the dependency on q 1 , q 2 ) the number of customers in Station 2 when the TC enters this station; thusŴ q 1 ,q 2 2 is distributed as Erlang(µ 2 , K).
As intuition suggests
From Proposition 1, if q 1 + q 2 ≤ T H, then q 1 = 0 and the TC gets into Station 2 immediately implying that K = q 1 + q 2 = q 2 . Thus, for q 1 + q 2 ≤ T H the distribution ofŴ q 1 ,q 2 2 is Erlang(µ 2 , q 1 + q 2 ) with the LT given by
Now suppose the TC arrives at state (q 1 , q 2 ) with q 1 + q 2 > T H, implying that the number of stoppages isM q 1 ,q 2 = q 1 + q 2 − T H. In this case,M q 1 ,q 2 Arrival or Completion 2 events are required to end these stoppages, and q 1 + q 2 − K of these are Completion 2 events, so K ∈ [T H, q 1 + q 2 ].
Since the probability that the next event is an Arrival (Completions 2) is λ λ+µ 2 ( µ 2 λ+µ 2 ), it follows that q 1 + q 2 − K has the binomial distribution:
The second equality follows the Binomial Formula. The third equality follows because for q 1 + q 2 > T H,
We can now write the LT ofŴ 2 using (2), (3), (6) and (7):
Author:
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From the LT ofŴ 2 we know thatŴ 2 is distributed as a Erlang(µ 2 , q 1 + q 2 ) RV with probability ρ q 1 +q 2
2
(1 − ρ 2 ), for 0 ≤ q 1 + q 2 < T H, (i.e., when the TC experiences no stoppages); and as the sum of an Erlang(µ 2 , T H − 1) RV and an exp(µ 2 − λρ 2 ) RV w.p. ρ T H 2 . Using (9), we can derive the Tail Distribution ofŴ 2 under the TBP with threshold T H:
Using (5) and (10), the distribution of our main service level measure under the TBP with threshold T H is
We observe that under the nonidling policy all waiting happens at Station 2 and thus
Here, ρ 2 represents the probability of waiting and exp(−(µ 2 − λ)t) is the conditional probability of waiting more than t given an M/M/1 queue with parameters (λ, µ 2 ). In the expression for P W T BP (t) when T H = 0, 1 we see the same structure as in (12). The first term, essentially has the probability of waiting reduced to ρ 2 2 from ρ 2 and the arrival rate reduced to ρ 2 λ from λ. The second term, is just the probability of waiting longer than t in an M/M/1 queue with arrival rate ρ 2 λ. Thus, the TBP effectively operates two M/M/1 stations with parameters (ρ 2 λ, µ 2 ), where the probability of waiting at one of these stations is further reduced by ρ 2 . The slower arrival rate (and the additional reduction in probability of waiting) brings the probability of waiting longer than t at Station 2 to below the level experienced at this Station under the nonidling policy. However, customer now has two chances to experience a long wait -once at each station.
Insight 1: Comparing TBP and Nonidling Policy for the Asymptotic Case
Based on Remark 1 above, it suffices to compare P W T BP (t) with P W N I (t) since the expected service times are the same. From our earlier discussion, it is obvious that the number of stoppages is increased when T H is reduced. Thus, setting T H = 0 corresponds to the most aggressive redistribution of the waiting time from Station 2 to Station 1 achievable by a TBP (from (11)). On the other hand, P W T BP (∞) (t) = P W N I (t) since when T H = ∞, Station 1 is never intentionally idled.
For any "excessive wait" value t > 0 let T H * (t) = arg min T H P W T BP (T H) (t) be the threshold value that minimizes P W (t). This value is characterized in the following result.
Author:
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Proposition 2. For any t, the threshold T H
This Proposition indicates that the optimal TBP is to idle Station 1 as much as possible when t is sufficiently large (i.e., use T H * = 0 when t > t * ), or to not idle it at all when t is small (i.e., t ≤ t * ). The intuitive explanation behind this is that reducing the queue sizes at Station 2 via the TBP reduces P (Ŵ 2 > t) but introduces P (Ŵ 1 > t) > 0 (which is 0 under the NI policy). When t is large, the reduction in P (Ŵ 2 > t) is substantial, while the increase in P (Ŵ 1 > t) is small, and thus TBP outperforms the NI policy. However, if t is small, the waits longer than t are quite common at Station 2 even if some customers are re-allocated to Station 1, while the increase in P (Ŵ 1 > t) may be substantial. Thus T H * = ∞ and TBP is equivalent to the NI policy. In this case the re-allocation of waiting time will not solve the problem of excessive waits -the only solution is adding more capacity to the system.
From (11) and (12), the reduction in P W (t) due to TBP for t > t * is:
Thus, the relative improvement in P W (t) increases with t, and approaches 100% as t increases.
This shows that the TBP can dramatically reduce the incidence of excessive waits, but only if the designation of an "excessive" wait is used correctly, i.e., a wait is "excessive" if it is uncommon in the system.
The implications for the decision-maker are clear: if waits of at least t adversely affect customer service experience, and t > t * , TBP can be used to improve P W (t). If t ≤ t * , then the only way to improve P W (t) is by adding capacity to the system (i.e., increasing µ 2 ). Most of the behaviors observed for the µ 1 = ∞ case will also hold for the µ 1 < ∞ case discussed in Section 5.
Insight 2: Comparing TBP and Kanban Policy for the Asymptotic Case
For the 2-station tandem queue a Kanban policy is defined by the buffer size (BS ≥ 1) in front of Station 2: Station 1 is idled and will not admit the next customer to service whenever q 2 ≥ BS.
Observe that in the µ 1 = ∞ case, under Kanban(BS) policy Station 2 operates as long as there are customers in the system for any BS ≥ 1. Thus the expected sojourn time for any Kanban policy is the same as for NI policy. Therefore, as in the TBP case, we focus only on P W (t).
Using similar analysis as for the TBP, we have:
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Article submitted to Operations Research; manuscript no. (Please, provide the manuscript number!) In Figure 2 we compare P W T BP (0) (t) with P W Kanban (t) under different BS values, when λ = 0.85 and µ 2 = 1. Note that t * = 4.82 in this case and thus TBP(0) outperforms the NI policy for t > 4.82. Recalling that Kanban(1) policy is equivalent to the NI policy, we see that this is indeed the case on Figure 1 , with the relative gap growing with t. Comparing TBP(0) with Kanban(5) we see that TBP has lower P W (t) for t > 9.28, while Kanban performs better for lower values of t.
Furthermore, using a similar analysis to the one in the proof of Proposition 2, we can obtain the buffer size BS * (t) that minimizes P W Kanban(BS) (t) for any t. (Specifically, the function (µ 2 t) BS−1 (BS−1)! − (1 − ρ 2 ) e λt has one or two zero points; if the function has two zero points, BS * (t) is the smaller zero point, otherwise BS * (t) = 1.) The resulting Kanban(BS * (t)) policy is plotted on Figure 2 along with the associated BS * (t) values. This policy achieves lower P W (t) values than the TBP (0) for t < 9.96 and slightly higher values for t > 9.96.
For the asymptotic case the Kanban policies perform competitively with TBP(0), particularly when the buffer size is optimized for a given t value. We note that the TBP is more robustbecause the same optimal threshold T H * = 0 value applies over a wide range of t values, whereas the optimal buffer size BS * (t) is sensitive to t. More importantly, the performance of Kanban policies in the asymptotic case are somewhat misleading, we will see in the following sections that the performance in other cases may be significantly worse than that of the TBP.
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Analysis of The Tandem Queue: General Case
In this section, we begin by analyzing the TBP for the tandem queueing network when µ 1 < ∞. Figure 3 illustrates the MC of the tandem queueing network under the TBP with T H = 1.
Recall that under the TBP it is not possible to reach a state (q 1 , q 2 ) such that q 2 − q 1 > T H + 1.
As illustrated in the figure, the states can be classified into three groups, depending on whether customers waiting for service at Station 1 experience stoppage before they enter Station 2. For example, if the system is currently in state (2, 0), neither customer at Station 1 can possibly experience any stoppages before entering Station 2. The same is true for all the other states above the dashed line in the top left corner of Figure 3 . On the other hand, in all states to the right of the dashed boundary line, Station 1 is idled, thus all customers at this station will experience one or more stoppage before entering Station 2; state (2, 3) is an example of this type.
Finally, customers at Station 1 in all the states below and to the left of the dashed line may or may not experience a stoppage before entering Station 2. Consider, for example, state (3, 0). While the first two customers at Station 1 will not experience a stoppage, the situation is less clear for the last customer. We refer to this customer as the TC. If the next two events are both "Completion 1", the system will move to state (1, 2) and TC will be stopped. If, on the other hand, at least one of the next two events is Arrival or Completion 2, the TC will not be stopped.
This discussion illustrates why the analysis of the TBPs is challenging. The number of stoppages experienced by the TC (and thus the distribution of her waiting time) depends on queue lengths at both stations and on customers arriving after TC, i.e., this number depends on future events. The latter dependency prevents us from using Distributional Little's Law. Furthermore, the distribution of waiting time experienced by a customer depends not just on the state of the system, but also on the customer's position in the line at Station 1. As discussed in the example above, the customer immediately in front of TC will not experience any stoppages, and thus his distribution of the waiting time is clearly different from that for the TC. This implies that the observed state (q 1 , q 2 ) of the system is not sufficient to uniquely express the distribution of W q 1 ,q 2 1 .
To overcome this difficulty, we augment the state space with a position indicator for each customer. Specifically, for each TC, in addition to the queue length indicators we also include the position of the TC in Station 1; we denote this position s for s ≥ 1. Note that each TC now generates a new MC upon arrival, which we name TCMC.
This TCMC has three dimensions. When the TC arrives in state (q 1 , q 2 ), she joins Station 1 and becomes the s th = (q 1 + 1) th customer, so that the first state of TCMC is (q 1 + 1, q 2 , q 1 + 1). If we consider all states with the same s as one layer, each layer looks similar to the MC in Figure 3 except that there are no states with q 1 > s. The same three events discussed in Section 3 may occur in the TCMC as well. Their effect on state (q 1 , q 2 , s) is as follows: 
Figure 3
The MC (Q1, Q2) for T H = 1.
1. Arrival -TCMC transitions to state (q 1 + 1, q 2 , s). Arrivals occur with rate λ in any state. 
When s > 1, the TC is waiting in Station 1. When s = 1, the TC is either in service or is the first in line to enter service when the stoppage of Station 1 ends. Since λ < µ 1 , the TCMC (q 1 , q 2 , s) will be absorbed in some state with s = 0, when the TC moves to Station 2. Let X q 1 ,q 2 ,s represent the TC's performance measure, given the network is in state (q 1 , q 2 , s).
To obtain the performance measure using (2) we can keep track of the TCMC starting from the state (q 1 + 1, q 2 , q 1 + 1) and calculate the conditional performance measure according to all possible paths the TC may take until an absorbing state is reached. However, because the TCMC is three-dimensional, the required computational effort grows rapidly using this intuitive approach.
We thus simplify the problem as shown below.
We first show that, similarly to the µ 1 = ∞ case, the number of stoppages can be bounded.
Lemma 1. If the TCMC is in state (q 1 , q 2 , s), then the maximum number of stoppages the TC may
Specially, if δ(q 1 , q 2 ) ≤ T H − 2s + 1, there will be no stoppage for the TC. Thus, the performance measure experienced by a customer that reaches such states are independent of future arrivals.
It is easy to see thatM q 1 ,q 2 = M q 1 +1,q 2 ,q 1 +1 , i.e., Lemma 1 shows that, the number of stoppages the TC sees in the µ 1 = ∞ case is the maximum number of stoppages the TC may see in µ 1 < ∞ case. The reason is that when µ 1 = ∞, the service time of Station 1 is zero, so the set of sequential events: Completion 1⇒Arrival(or Completion 2)⇒Arrival(or Completion 2) repeats for sure; when µ 1 < ∞, this set of sequential events repeats only in the worst case.
We define a no-stoppage state to be a state in TCMC s.t. δ(q 1 , q 2 ) ≤ T H −2s+1, i.e., M q 1 ,q 2 ,s = 0.
For example, consider again state (3, 0) in the MC on Figure 3 . As previously discussed, states
(3, 0, 1) and (3, 0, 2) in the corresponding TCMC are no-stoppage. On the other hand, by Lemma 1, M 3,0,3 = 1, so stoppage may occur in state (3, 0, 3).
Observe that once the TCMC reaches a no-stoppage state, the network acts like a nonidling tandem queueing network for the TC and the distributions of the three steady state service measures can be calculated directly (see below). In the following sections, we treat no-stoppage states as absorbing states and use a recursion method to develop all three performance measures as follows:
can be calculated from Propositions 4 and 5 below.
• If Station 1 is stopped, i.e., δ = T H or T H + 1, both Arrival (w.p. λ λ+µ 2 ) and Completion 2 (w.p. µ 2 λ+µ 2 ) can happen in the TCMC. Using conditional probability, the distribution of X q 1 ,q 2 ,s can be recursively calculated from the distributions of X q 1 +1,q 2 ,s and X q 1 ,q 2 −1,s .
λ+µ 1 +µ 2 ), and Completion 2 (w.p. µ 2 λ+µ 1 +µ 2 ) can all happen in the TCMC. Using conditional probability, the distribution of X q 1 ,q 2 ,s can be calculated from the distributions of X q 1 +1,q 2 ,s ,
Calculating the LT of X, similarly to (2), requires the steady state probability vector of the MC (Q 1 , Q 2 ). It is easily seen that this MC is irreducible and aperiodic, and has equilibrium probabilities, π q 1 ,q 2 . The balance equation for the (Q 1 , Q 2 ) MC are (these are easier to follow when looking at Figure 3 ): 1) When δ < T H and q 1 = q 2 = 0, we have λπ 0,0 = µ 2 π 0,1 ;
2) When δ < T H and q 1 > 0, q 2 = 0, we have (λ + µ 1 )π q 1 ,0 = λπ q 1 −1,0 + µ 2 π q 1 ,1 ;
3) When δ < T H and q
6) When δ = T H + 1 and q 1 ≥ 1 (implying q 2 = q 1 + T H + 1), we have (λ + µ 2 )π q 1 ,q 2 = µ 1 π q 1 +1,q 2 −1 ; 7) We also require ∑ q 1 ,q 2 π q 1 ,q 2 = 1. To solve these balance equations, we approximate π q 1 ,q 2 by assuming that Station 1 has a finite waiting room of size Limit. For any finite value of Limit, we can calculate an approximation of 
Figure 4
The revised TCMC (s, δ), when T H = 1.
π q 1 ,q 2 by solving the balance equations numerically. When Limit goes to infinity, the approximation approaches π q 1 ,q 2 . In our numerical experiments we found that P {q 1 = 100} < 10 −5 , so Limit = 100 appears to be an adequate value for our parameter choices.
Distribution of Waiting Time for Station 1: W 1
In this section, we consider the TC's waiting time for Station 1, W 1 . Note that there are two components of W 1 : the time spent waiting for s − 1 Completion 1 events, and the time spent when
Station 1 is idled. The first component depends only on s, and the second one is determined by s and δ = q 2 − q 1 . Thus, given s and δ, W 1 does not depend on the values of q 1 and q 2 . Indeed, from Lemma 1 we see that the maximum number of stoppage M q 1 ,q 2 ,s only depends on s and δ;
thus, we will next use M s,δ to denote the maximum number of stoppages for a customer that is at a position s in queue 1 when q 2 − q 1 = δ. A revised TCMC, with the state description (s, δ), is illustrated on Figure 4 for the case T H = 1; this simplified TCMC will be used to compute W 1 .
Arrival or Completion 2 events do not affect s; these events only decrease the value of δ by 1.
Completion 1 decreases the value of s by 1, and increases the value of δ by 2. If δ = T H or T H + 1, Station 1 is idled, so that the next event can only be Arrival or Completion 2.
In Figure 4 , the column on the right-hand side, starting from (1, 0 1, µ 1 ).
The second part consists of stoppages in Station 1. As in the µ 1 = ∞ case, the length of each stoppage is distributed as an exp(λ + µ 2 ) RV. (s, δ) .
where M s,δ can be found from Lemma 1 and can now be computed iteratively; see Algorithm 1 in Section EC.2 of the e-companion for details.
Distribution of Waiting Time for Station 2: W 2
In this section we calculate W q 1 ,q 2 ,s 2 -the TC's waiting time for Station 2, given that the network is at state (q 1 , q 2 , s). Let K q 1 ,q 2 ,s be the number of customers the TC sees when she enters Station 2. Given K q 1 ,q 2 ,s = k, we know that W q 1 ,q 2 ,s 2 ∼ Erlang(µ 2 , k). So once we know the distribution of K q 1 ,q 2 ,s , the LT of W q 1 ,q 2 ,s 2 can be expressed as
We next derive the distribution of K q 1 ,q 2 ,s , first for no-stoppage states and then for states with stoppages.
Distribution of W 2 at No-stoppage States
First, assume that the network is currently in a no-stoppage state, i.e., (q 1 , q 2 , s), and δ ≤ T H − 2s + 1. Given Lemma 1 Station 1 will not be idled before the TC enters Station 2. Thus, the arrival process does not affect the network, and we need to only consider the service processes of Stations 1 and 2. Still, it is possible for Station 2 to be starved, i.e., q 2 = 0, before the TC enters this station. We next discuss how to consider the starvation periods when calculating the distribution of K q 1 ,q 2 ,s .
We represent the service operation of the TC by a Random Walk (RW) process in a two dimensional lattice graph, where the x and y axes represent the number of customers served by the 
Figure 5
Lattice Graph of number of customers served by each station.
first and second servers, respectively. Let the TC be the N th arrival to the original tandem queue.
Denote the total number of customers served by stations 1 and 2 before TC's arrival by X N and Y N , respectively. Note that X N ∈ [0, ..., N − 1], Y N ∈ [0, ..., X N ] and q 2 = X N − Y N . The RW process is depicted on Figure 5 . Obviously, the RW cannot go above the line x = y (service 1 must finish before service 2). When Station 1 completes service the RW moves to the right, and when Station 2 completes service the RW moves up. Because both service completions are exponentially distributed, when both stations are busy, P {RW moves right} = µ 1 µ 1 +µ 2 and P {RW moves up} = µ 2 µ 1 +µ 2 . Any point on the line x = y means that Station 2 is starved and the next possible move for the RW is only to the right. We call points on the line x = y points with Station 2 starved and other points in Figure 5 points with Station 2 working.
For any TC, we can ignore Y N , because these customers have already left the network. Therefore, upon arrival of the TC we reset the starting point of the RW to (X N , Y N ) = (q 2 , 0).
When the TC arrives to state (q 1 , q 2 , s) , there are q 2 customers in Station 2, which corresponds to the point (q 2 , 0) on Figure 5 . When the TC finishes service in Station 1, this station has finished s customers, which represents the RW moving right s steps and reaching the line x = q 2 + s. By this time, Station 2 has served n customers, where 0 ≤ n ≤ q 2 + s − 1. Thus, the sojourn time of TC at Station 1 corresponds to the time the RW moves from point (q 2 , 0) to a point on the line (q 2 + s, n), with 0 ≤ n ≤ q 2 + s − 1.
Author:
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Let B q 1 ,q 2 ,s 2 , the number of times Station 2 is starved from when the TC arrives to the network and until she finishes service at Station 1. The joint distribution of n and B q 1 ,q 2 ,s 2 can be calculated using the result from Milch and Waggoner (1970) . This gives us the marginal distribution of n.
Since the number of customers TC sees upon entering Station 2 is K q 1 ,q 2 ,s = q 2 + s − 1 − n, this also provides the distribution of K q 1 ,q 2 ,s :
Proposition 4. For any state (q 1 , q 2 , s) with δ ≤ T H − 2s + 1, the distribution of K q 1 ,q 2 ,s is:
Distribution of W 2 for States with Stoppages
To calculate K q 1 ,q 2 ,s for states with stoppages, we observe the following:
• If Station 1 is stopped, i.e., δ = T H or T H + 1, both Arrival (w.p. λ λ+µ 2 ) and Completion 2 (w.p. µ 2 λ+µ 2 ) can happen in the TCMC. So K q 1 ,q 2 ,s will be distributed as K q 1 +1,q 2 ,s or K q 1 ,q 2 −1,s , depending on which event happens.
λ+µ 1 +µ 2 ), and Completion 2 (w.p. µ 2 λ+µ 1 +µ 2 ) can all happen in the TCMC. So K q 1 ,q 2 ,s will be distributed as K q 1 +1,q 2 ,s , K q 1 −1,q 2 +1,s−1 and K q 1 ,q 2 −1,s , with these probabilities respectively.
Notice that the distribution of K q 1 ,q 2 ,s only depends on which no-stoppage state the process finally reaches, and is independent of the other details of the service process before that. Algorithm 2, given in the Section EC.2 of the e-companion, uses these three conditions and Proposition 4 to express K q 1 ,q 2 ,s for any state (q 1 , q 2 , s). The distribution of W q 1 ,q 2 ,s 2 can now be computed from (15).
Remark 3. It may be of interest to compute the distribution of the total wait in the system for the TC, W q 1 ,q 2 ,s = W q 1 ,q 2 ,s 1 + W q 1 ,q 2 ,s 2 . First note that W q 1 ,q 2 ,s 1 and W q 1 ,q 2 ,s 2 are not independent: since Station 2 is never intentionally idled, the longer the TC stays in Station 1, the less customers she will see, on average, when she enters Station 2. Still, in a similar way to Algorithms 1 and 2, one can calculate the distribution of W q 1 ,q 2 ,s .
Distribution of Sojourn Time: S
In this section, we calculate the LT of sojourn time, which is the sum of waits and services in both stations, for the TC. This derivation allows us to express both E [S] and P {S > t}. We focus on Station 2. The TC's sojourn time, S q 1 ,q 2 ,s , is between her arrival to the network and her departure, i.e., the time when Station 2 finishes serving q 2 + s customers. We note that if there are customers in the network, Station 2 always serves customers when Station 1 is idled;
and Station 1 always serves customers (if there are any customers in Station 1) when Station 2 is starved. Thus, the TC's sojourn time is composed of two parts. The first part is the service time of the q 2 + s customers at Station 2, which is Erlang(µ 2 , q 2 + s). The second part is the total time that Station 2 starves until it serves the TC. This time may depend on the behavior of the network after the TC's arrival and is therefore more challenging to characterize.
We know that the number of times Station 2 is starved B q 1 ,q 2 ,s 2 ≤ s, because in the worst case Completion 2 happens q 2 times and then {Completion 1, Completion 2} sequence repeats until the TC is served at Station 2, so that ∑ s i=0 P {B q 1 ,q 2 ,s 2 = i} = 1.
Similar to (15), the common form of the LT of S q 1 ,q 2 ,s is
This transforms the problem to finding the distribution of B q 1 ,q 2 ,s 2 , for any state (q 1 , q 2 , s). We first consider no-stoppage states. As in the proof of Proposition 4, for the no-stoppage states we use
Using this distribution and the Law of Total Probability, we get:
We can now calculate B q 1 ,q 2 ,s 2 for any state (q 1 , q 2 , s) as follows:
• If the state (q 1 , q 2 , s) is in a no-stoppage state, i.e., δ ≤ T H − 2s + 1, the distribution is given by Proposition 5. 
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• For states (q 1 , q 2 , s) such that T H − 2s + 1 < δ ≤ T H − 1 and q 2 ̸ = 0, Arrival (w.p. λ λ+µ 1 +µ 2 ), Completion 1 (w.p. µ 1 λ+µ 1 +µ 2 ) and Completion 2 (w.p. µ 2 λ+µ 1 +µ 2 ) can all happen in the TCMC. So B q 1 ,q 2 ,s 2 will be distributed as B q 1 +1,q 2 ,s 2 , B q 1 −1,q 2 +1,s−1 2 or B q 1 ,q 2 −1,s 2 . Algorithm 3 in Section EC.2 of the e-companion use these four conditions to compute the distribution of B q 1 ,q 2 ,s 2 for any state (q 1 , q 2 , s) . The LT of the sojourn times S q 1 ,q 2 ,s can then be computed from (17).
Insights for µ 1 < ∞ Case
In this section, we compare the performance of the TBP, the nonidling policy, and the Kanban policy with respect to the expected sojourn time, E [S], and the probability of excessive waits, P W (t).
Insight 3: Comparing the TBP and Nonidling Policy
First, we compare the performance of TBP and the nonidling policy. The key questions are: (1) what degree of improvement can be achieved by the TBP for the P W (t) measure, and (2) by how much do sojourn times have to increase to achieve this improvement. We note that service measure P {S > t ′ } could be used in place of E [S] . Numerical results show that the trade-off curves of P W (t) and P {S > t ′ } behave the same as the trade-off curves of P W (t) and E[S], so only E [S] is considered in our numerical results.
The expressions for the service measures for the nonidling policy are determined by λ, µ 1 , µ 2 , and t, and can be obtained from e.g., using Burke's theorem (Burke, 1956) :
To illustrate the trade-off between P W T BP (t) and the expected sojourn time under the TBP, E[S T BP ] we proceed as follows. We initially set λ = .85, µ 1 = 1 and µ 2 = .9. Thus, Station 2 is the bottleneck, and the system utilization ratio ρ = ρ 2 = .85/.9 ≈ 94%. Next we select t such that However, all T H values greater than or equal to 13 are Pareto-optimal.
To gain additional insight, in Figure 6 (b), we plot P (W i > 31.78) for i = 1, 2 under the TBP.
Since Station 2 is the bottleneck in this case, the probability of wait longer than t is much greater there under the nonidling policy. This is shown on the extreme left of the plot where T H = 100 and the TBP is essentially identical to NI policy. For very high T H values most of the contribution to P W (t) comes from Station 2. As T H is reduced, P (W 1 > t) increases and P (W 2 > t) declines.
Eventually, when T H decreases below 10, there is a much higher probability of long waits at Station 1 than at Station 2. It is interesting to note that P W (t) is minimized at T H * = 13 when the values of P (W 1 > t) and P (W 2 > t) are approximately equal. We have observed similar behavior with other parameter settings as well. 
Figure 6
Trade-off curves corresponding to excessive wait probabilities of 10% (under nonidling policy). Nonidling policy corresponds to the left-most point on each curve.
We have observed from numerical results with different parameter settings that P (W 1 > t) is a concave increasing function and P (W 2 > t) is a convex decreasing function of E [S], as on Figure   6 (b). However, for different values of t, the behavior of P W (t) = 1 2 (P (W 1 > t) + P (W 2 > t)) as a function of E [S] varies, typically being convex in some regions and concave in others. As the probability of excessive waits is increased to 20%, the Pareto-optimal trade-offs disappear:
while the behavior of P W (t) as T H values are increased is similar to the previous case (first an increase, then a slight decrease, followed by another increase), the level never gets below the value achieved for T H = 100, i.e., the value for the NI policy.
Thus, we observe similar patterns to the ones derived analytically for the asymptotic µ 1 = ∞ case: the TBP reduces P W (t) when the "excessive waits" are sufficiently rare in the system.
Since the TBP redistributes some waiting times from Station 2 to Station 1, intuitively it should be most effective when Station 2 is the system's bottleneck. This intuition is supported by Figure   8 . The four curves presented on four panels correspond to t * (dashed line) and values of t such that the probabilities of long waits are 1% (lower solid), 5% (middle solid), and 10% (top solid) under the NI policy. Figure 8(a-b) present results for cases where the processing rates of Stations 1 and 2 are identical. Figure 8(c-d) present cases where the processing rate of Station 2 is reduced to .95, making it more of a bottleneck. We see similar patterns to those described for the previous figure: the TBP reduces the P W (t) in all cases at the cost of a small increase in E[S]; the relative improvement in P W (t) is increasing in t. Moreover, we see that the improvements provided by TBP is greater when Station 2 is more of a bottleneck (Figure 8(a [11, 15] is stable for the same arrival rate, λ = .85. This is also supported by comparing Figure 8(b,d) , where T H * ∈ [16, 23] . Similarly, P W N I (t * ) is stable under similar utilization levels. For example, when ρ = .95 (Figure 8(d) and Figure 7) , P W N I (t * ) is about 15%;
and when ρ = .9 (Figure 8(b) and (c)), P W N I (t * ) is about 12%.
Insight 4: Comparing the TBP and Kanban policies
Because the analytical derivation of the waiting time at each station is not available and is beyond the scope of this paper, to compare the performance of Kanban and TBP, we constructed a simulation model using MATLAB. We simulated one million customers under the Kanban policies with BS = 100, 99, ..., 1 and the TBPs with T H = 100, 99, ..., 1. (Despite having analytic results for the TBP we use simulation so that we compare both policies under the same sample path.) The results are presented in Figure 9 for a system with µ 2 = .9 on the left panel and µ 2 = .95 on the right. In both cases the value of t was chosen to correspond to 10% probability of long wait under the NI policy. With BS = 100, the Kanban policy performs identically to the NI one, which gives us the We note that selecting the right BS value is very important -values that are too high or too low may lead to performance worse than the NI policy. In fact, our numerical experiments show that the BS * that minimizes P W (t) appears to be very sensitive to t, while the TBP is much more robust in this respect (see Table 1 ). This lack of robustness presents a challenge for implementing Kanban policies, as the exact value of t may differ among customers. be significantly worse. The additional flexibility afforded by the TBP, which takes both q 1 and q 2 into account, is apparently important in case of a more balanced system. 
Figure 9
Trade-off curves corresponding to t = 31.78 under the TBP and the Kanban policy. Table 1 Performance of TBP and Kanban policies for different values of t.
Summary and Open Questions
In this paper, we studied strategic idling -i.e., purposefully idling some upstream stations when the downstream stations become too busy, in a two-station tandem queue network. The purpose of SI is to reduce the incidence of excessive waits and thus improve customer service experience in queueing networks. Numerical results indicate that TBP can be quite effective in reducing the incidence of excessive waits, without significantly increasing system sojourn times. Thus, TBP makes it possible to improve the service experience of customers without adding any capacity to the system (by, instead, idling some of the existing capacity). A comparison with Kanban policies indicates that the TBP is more efficient.
We demonstrated that these insights hold in more general settings. Specifically, in Section EC.3
of the e-companion, we present a simple example that illustrates possible TBPs and Kanban policies for a 3-station serial queueing network with exponential service time at each station and 
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Poisson arrivals; and in our working paper, Baron et al. (2014) , we consider an open-shop queueing network that does not reach steady state. Both studies used simulation. The results indicate that the managerial insights listed earlier for the 2-station system likely hold in other more general settings as well. A generalization of TBP to n-station tandem queue system is presented in the e-companion, Section EC.4.
Clearly, this paper undertakes only an initial study of the TBPs and SI and much work remains to be done. It would be interesting to inspect the effect of the TBP in an Emergency Department setting and compare the result with that of Saghafian et al. (2012) . It would be very beneficial to extend our analytical results to more general settings (n-station networks, non-stationary arrival rate, general service time etc.), though this appears to be quite difficult. In particular, the structure of the optimal TBPs (i.e., the specification of δ functions and the T H values) needs to be investigated.
There are several other possible directions for future research. An analysis of waiting time distributions under either of the control policies developed for manufacturing settings is an obvious one. 
E-companion

EC.1. Proofs
Proof of Proposition 1. From Figure 1 we have two observations. If the TC arrives at a state (q 1 , q 2 ) s.t. q 1 + q 2 ≤ T H, then q 1 = 0. The TC enters Station 2 without being stopped in Station 1, i.e.,M q 1 ,q 2 = 0. If the TC arrives at a state (q 1 , q 2 ) with q 1 > 0 then q 2 = q 1 +T H or q 2 = q 1 +T H +1, and the TC is stopped in Station 1. By Remark 2, every Completion 2 event will be followed by two Arrival /Completion 2 events. Moreover, every time Arrival or Completion 2 event occurs, the value of δ changes, thus increasing the number of stoppages experienced by TC by 1. Therefore, the number of stoppage until the TC enters Station 2 will be:
Proof of Proposition 2. We first denote the set of zero points of any discrete function f (z) To find the minimum points of P W T BP (T H) (t), we investigate the zero points of the forward
. We know from (11) that g ′ 1 (t, 0) = 0, so T H = 0 is a zero point of g ′ 1 (t, 0). Furthermore, we know that lim T H→∞ P W T BP (T H) (t) = P W N I (t). Therefore, if we can show that g ′ 1 (t, T H) has either no zero points in [1, ∞) or one zero point in [1, ∞) which is a local maximum point of P W T BP (T H) (t), we can conclude that the minimum point of P W T BP (T H) (t) can only be at T H = 0 or ∞.
for T H ≥ 1, so that g ′ 1 (t, T H) has the same zero points as g 2 (t, T H). Thus, lim T H→∞ g 2 (t, T H) = 0 − , i.e., g 2 (t, T H) converges to zero from below (so does g ′ 1 (t, T H)), when T H → ∞. Thus P W T BP (T H) (t) decreases with T H when T H → ∞ for any t.
It is obvious that
Next, to find the zero points of g 2 (t, T H), we investigate the zero points of the forward difference of g 2 (t, T H):
, so that g ′ 2 (t, T H) has the same zero points as g 3 (t, T H). Because x T H T H! is a bell shape function, g 3 (t, T H) has at most two zero points. When g 2 (t, 1) ̸ = 0, we prove by contradiction that g 2 (t, T H) has either no zero points in [1, ∞) or one zero point in [1, ∞) which is a local maximum point of P W T BP (T H) (t):
• For the case when g 2 (t, 1) > 0, assume that g 2 (t, T H) has two or more zero points in [1, ∞) .
Because lim T H→∞ g 2 (t, T H) = 0 − , we know that g 2 (t, T H) switches sign for at least three times in [1, ∞), i.e., g 2 (t, T H) has at least three zero points in [1, ∞) . Therefore, g 2 (t, T H) have at least three local extremum points in [1, ∞), i.e., g ′ 2 (t, T H) have at least three zero points in [1, ∞) . This conflicts with that g 3 (t, T H) has at most two zero points. Therefore, g 2 (t, T H) has one zero point in [1, ∞) and g 2 (t, T H) switches sign from positive to negative at this point. This point is thus a local maximum point of P W T BP (T H) (t).
• For the case when g 2 (t, 1) < 0 (i.e., (1 − ρ 2 2 ) e λρ 2 t < 1), we consider two sub-cases: 1. For g ′ 2 (t, 1) < 0, assume that g 2 (t, T H) has two or more zero points in [1, ∞) . Then, using a similar discussion as the previous bullet point, we know that g ′ 2 (t, T H) have at least three zero points. This conflicts with the fact that g 3 (t, T H) has at most two zero points. Therefore, g 2 (t, T H) has less than two zero points. Because g 2 (t, 1) < 0 and lim T H→∞ g 2 (t, T H) = 0 − are both below zero, we can conclude that g 2 (t, T H) has no zero points.
2. For g ′ 2 (t, 1) ≥ 0 (i.e., µ 2 t ≤ (1 − ρ 2 2 ) e λρ 2 t ), we have µ 2 t ≤ (1 − ρ 2 2 ) e λρ 2 t < 1. Let g ′ 3 (t, T H) be the forward difference of g 3 (t, T H), i.e., g ′
. Because T H ≥ 1, we have T H + 1 > µ 2 t, so g ′ 3 (t, T H) > 0 for any T H ≥ 1. Using g 3 (t, 1) > 0 (because g ′ 2 (t, 1) > 0), we get g 3 (t, T H) > 0 (i.e., g ′ 2 (t, T H) > 0) for any T H ≥ 1, i.e., g 2 (t, T H) is a monotone increasing function in [1, ∞) . Then, from lim T H→∞ g 2 (t, T H) = 0 − , we know that g 2 (t, T H) has no zero points in [1, ∞) .
To conclude, g 2 (t, T H) has either no zero points in [1, ∞) or one zero point in [1, ∞) which is a local maximum point of P W T BP (T H) (t).
For the case when g 2 (t, 1) = 0, we have P W T BP (0) (t) = P W T BP (1) (t) = P W T BP (2) (t), then the same discussion as g 2 (t, 1) ̸ = 0 case on g 2 (t, T H)'s zero points in [2, ∞) leads to the same conclusion.
Then, solving P W T BP (0) (t) = P W N I (t) gives t * . e-companion to Author: ec3 Proof of Proposition 3. The stead-state distribution of the MC of the system under Kanban(BS) is the same as the distribution under T BP (T H), i.e., π q 1 ,q 2 is given in (3).
LetW q 1 ,q 2 i denote the TC's waiting time at Station i (i = 1, 2), given she arrives at state (q 1 , q 2 ):
• If q 1 + q 2 ≤ BS − 1, then no one is waiting for Station 1 and TC directly enters the waiting room for Station 2. Therefore,W q 1 ,q 2 1 = 0. Her waiting time for Station 2 is distributed as Erlang (µ 2 , q 1 + q 2 ). Of course, when q 1 + q 2 = 0, TC does not wait for Station 2.
• if q 1 + q 2 ≥ BS, then there are q 1 + q 2 − BS customers waiting for Station 1 and BS customers waiting for Station 2. The TC should wait for Station 1 first. When the number of customers in Station 2 reduces to BS −1, she can enter Station 2's waiting room where BS −1 customers are waiting there. Therefore, TC's waiting time for Station 1 is distributed as Erlang (µ 2 , q 1 + q 2 − BS + 1) and her waiting time for Station 2 is distributed as Erlang (µ 2 , BS − 1). Thus, using (2), (3) and the above discussion, we can now write the LT ofW 1 :
From the transform ofW 1 we conclude that there is no waiting in Station 1 w.p. 1 − ρ BS 2 , and the waiting is distributed as an exp (µ 2 − λ) RV w.p. ρ BS 2 . Hence,
In a similar fashion, we get the LT ofW 2 , the TC's waiting time at Station 2,
From the LT ofW 2 we know that there is no waiting in Station 2 w.p. 1 − ρ 2 ; the waiting is distributed as a Erlang (µ 2 , i) RV w.p. (1 − ρ 2 ) ρ i 2 for 1 ≤ i ≤ BS − 1; and as a Erlang (µ 2 , BS − 1) RV w.p. ρ BS 2 . Thus we can derive the tail distribution ofW 2 :
Using (EC.2) and (EC.3), we obtain (13).
Proof of Lemma 1. There are three possible events: Arrival, Completion 1, and Completion 2. Note that only Completion 1 increases δ(q 1 , q 2 ), while the other two events decrease δ(q 1 , q 2 ).
Specifically, after any Completion 1 the system's state changes to (q 1 − 1, q 2 + 1, s − 1), so that ec4 e-companion to Author: δ(q 1 − 1, q 2 + 1) = δ(q 1 , q 2 ) + 2. In the worst case, all the events until stoppage are Completion 1 events. Then, from state (q 1 , q 2 , s), R q 1 ,q 2 ,s times consecutive Completion 1 events would lead to a stoppage at Station 1, where R q 1 ,q 2 ,s is given by
Specially if δ ≤ T H − 2s + 1, then s ≤ R q 1 ,q 2 ,s and the TC gets into Station 2 before any stoppage could happen. There will be no stoppage for the TC.
Otherwise, if δ > T H −2s+1 the TC may be stopped once (or more). In the worst case, after Station 1 starts working again the system experiences a repeating set of sequential events: Completion 1⇒Arrival(or Completion 2)⇒Arrival(or Completion 2). Each set of sequential events has two stoppages. So we get
Proof of Proposition 4.
(1) If 0 ≤ n < q 2 , the random walk cannot visit any points on the line x = y where starvation occurs; thus P {B q 1 ,q 2 ,s 2 = 0} = 1. The sample path with solid line in Figure   5 is an example. The number of paths from (q 2 , 0) to (q 2 + s − 1, n) is
. In any one of these paths, s − 1 moves should be to the right and n moves should be up, so each path occurs with
. Thus, the probability that the random walk starting from (q 2 , 0) ends in (q 2 + s − 1, n) is Binomial
. The last move must always be to the right, so that for 0 ≤ n < q 2 ,
Eq. (EC.4) corresponds to a Negative-Binomial distribution with parameters n, n + s − 1 and µ 2 µ 1 +µ 2 . When the TC enters Station 2, she will then see k = q 2 + s − 1 − n customers there, so from (EC.4), P {K q 1 ,q 2 ,s = k} for s − 1 < k ≤ q 2 + s − 1, can be written as in the corresponding expression in (16).
(2) If q 2 ≤ n < q 2 + s − 1, the RW can visit some points with starvation. The sample path with dashed line in Figure 5 is an example. Assume the number of points with starvation on this random walk is B q 1 ,q 2 ,s 2 = i. Then, the number of points with no starvation on this random walk is
Next, we calculate the number of lattice paths connecting (q 2 , 0) and (q 2 + s − 1, n) that do not cross the line x = y but have exactly i points in common with it. This number equals the number e-companion to Author: ec5 of lattice paths connecting the origin and (s − 1, n) that do not cross the line y = x + q 2 and have exactly i points in common with it and can be calculated by applying Corollary 1 in Milch (1970) :
Thus, the probability that a path starts from (q 2 , 0) and ends at (q 2 + s − 1, n) is:
the corresponding expression in P {K q 1 ,q 2 ,s = k}, for 0 < k ≤ s − 1, in (16) follows.
(3) If n = q 2 + s − 1, the only path to the point (q 2 + s, q 2 + s − 1) from the line x = q 2 + s − 1 is via (q 2 + s − 1, q 2 + s − 2), to (q 2 + s − 1, q 2 + s − 1) and then to (q 2 + s, q 2 + s − 1). This can be seen as the sample path with pointed line in Figure 5 . So the number of possible paths from (q 2 , 0) to (q 2 + s − 1, q 2 + s − 1) is the same as the number of paths to (q 2 + s − 1, q 2 + s − 2), which can be calculated from (EC.5) for n = q 2 + s − 2:
where, i * is the number of times the random walk touches the line x = y until it gets to (q 2 + s − 1, q 2 + s − 2). Then, the number of times the random walk touches the line x = y until it gets to
Because in this case when n = q 2 + s − 1 the TC sees no customer when she enters Station 2, we 
EC.2. Algorithms
Algorithm 1 : Calculate the distribution of B s,δ 1 , the number of stoppages experienced by a TC from a state (s, δ) for each s = 1, 2, . . . , Limit and δ = −Limit, −Limit + 1 . . . , T H + 1.
Step 1: Let s = 1, δ = −Limit.
Step 2:
Step 3:
Step 4:
Step 5: Let δ = δ + 1. Step 1: Let s = 1, q 1 = Limit, q 2 = 0.
Step 2: If δ ≤ T H − 2s + 1, calculate the distribution of K q 1 ,q 2 ,s according to (16).
Step 4: If T H − 2s + 1 < δ ≤ T H − 1 and q 2 = 0, set P {K q 1 ,0,s = i} = λ λ+µ 1 P {K q 1 +1,0,s = i} + µ 1 λ+µ 1 P {K q 1 −1,1,s−1 = i} , i ∈ [0, s − 1].
Step 5: If T H − 2s + 1 < δ ≤ T H − 1 and q 2 ̸ = 0, set P {K q 1 ,q 2 ,s = i} = λ λ+µ 1 +µ 2 P {K q 1 +1,q2,s = i} + µ 1 λ+µ 1 +µ 2 P {K q 1 −1,q 2 +1,s−1 = i} + µ 2 λ+µ 1 +µ 2 P {K q 1 ,q 2 −1,s = i} i ∈ [0, q 2 + s − 1].
Step 6: Let q 2 = q 2 + 1. If q 2 ≤ Limit, then go to Step 2; else let q 1 = q 1 − 1. If q 1 ≥ s, then let q 2 = 0 and go to Step 2; else let s = s + 1. If s ≤ Limit, then let q 1 = Limit, q 2 = 0 and go to Step 2; else Stop.
Algorithm 3 : Calculate the distribution of B q 1 ,q 2 ,s 2 , the number of times Station 2 waits since the TC arrives to the network and until she finishes service at Station 1 for s = 1, 2, . . . , Limit, q 1 = s, s + 1, . . . , Limit and q 2 = 0, 1, . . . , Limit.
Step 1: Let s = 1, q 1 = Limit, q 2 = 0.
Step 2: If δ ≤ T H − 2s + 1, calculate the distribution of B q 1 ,q 2 ,s 2 using (18).
Step 3: If δ = T H or T H +1, set P {B q 1 ,q 2 ,s 2 = i} = λ λ+µ 2 P Step 5 Step 6: Let q 2 = q 2 + 1. If q 2 ≤ Limit, then go to Step 2; else let q 1 = q 1 − 1. If q 1 ≥ s, then let q 2 = 0 and go to Step 2; else let s = s + 1. If s ≤ Limit, then let q 1 = Limit, q 2 = 0 and go to Step 2; else Stop.
EC.3. Example: Tandem Queue Network with Three Stations
We define the following TBP: δ 1 = q 2 − q 1 , δ 2 = q 3 − q 2 . Thus for given values of thresholds T H i ,
To test the performance of this TBP we constructed a simulation model for a system with λ = .85, µ 1 = 1, µ 2 = .95, µ 3 = .9. Station 3 is the bottleneck and the system utilization is ρ = ρ 3 = .85/.9 = .94. Note that this simply inserts an intermediate station into the network with ρ = .94 analyzed on Figure 7 in Section 6.1.
We simulated 500, 000 customers under the nonidling policy and the TBP with all possible combinations of T H 1 and T H 2 , ranging from 5 to 100. For t = 32, we plot the lower envelope of the performance measures (E [S T BP ] , P W T BP (32)) in Figure EC .1 as the solid curve. We observe that it has the similar behavior as the trade-off curves in Figure 7 . The TBP with T H 1 = 10
and T H 2 = 14 achieves the maximum improvement of 42% in P W (t) (6.43% vs 3.73%) at the cost of increasing the E[S] by about 5.73% (from 34.46 to 36.44). Note that for the nonidling policy, the theoretical values for both E[S] and P W N I (t) can be calculated. These values closely matched the values observed in our simulation, which validated the simulation model. Most of the observations made for the 2-station system earlier appear to apply to the 3-station system as well:
the improvement in P W (t) achieved by the TBP strongly depends on the value of t. Below certain t (the critical value is around 10 in this example), the TBP cannot improve over the NI policy at all. Above this critical value, the level of improvement grows with t. Next, we compare the performance of Kanban and TBP for this system. The Kanban policy is defined by the values of buffer sizes BS 1 and BS 2 ; station i − 1 is idled if q i ≥ BS i−1 , i = 2, 3. We simulated the system for all combinations of values of BS 1 , BS 2 ∈ {1, . . . , 100}. The lower envelope of the performance measures (E [S Kanban ] , P W Kanban (32)) for the Kanban policy is plotted in Figure EC .1 as the dashed line. The largest reduction in P W (t) under the Kanban policy is 37.69% and occurs for buffer sizes (BS 1 , BS 2 ) = (24, 27).
We note that in this example, the TBP dominates the Kanban policy: for every feasible value of E[S] the TBP achieves greater reduction in P W (t) than the (optimized) Kanban policy. This performance was also observed in a number of runs with different parameter settings. We also observed that the TBP appears to be more robust: while the TBP with (T H 1 , T H 2 ) = (10, 14)
performs well for a wide range of values of t, the optimal buffer sizes under the Kanban policies are quite sensitive to t. More detailed results are available upon request.
EC.4. Generalization of TBP to n-station Tandem Queue Systems
Next, we give a generalization of TBP in a n-station tandem queue system. Consider a serial queueing network consisting of n stations, and let P W (t) = 1 n ∑ n P (W i > t). To define a general TBP we specify for each station j = 1, . . . , n − 1 a function δ j (q j , . . . , q n ) and δ j (0, . . . , 0) = 0. (It is sensible to choose a function that is decreasing in q j and increasing in q k for all n ≥ k ≥ j. Then, when q k is large or q j is small, Station j is idled, and when q k is small or q j is large, Station j resumes working.) We also specify a threshold T H j ≥ 0 for all j = 1, . . . , n − 1. The TBP is now defined as follows: station j is idled whenever T H j ≤ δ j (q j , . . . , q n ), j = 1, . . . , n − 1. In the previous two sections we used δ 1 (q 1 , q 2 ) = q 2 − q 1 that clearly satisfies the definition above. The general idea of the TBP remains the same: idle an upstream station when the queues downstream are too long.
However the definition above allows for a great deal of flexibility: the function δ i could be more heavily weighted towards the bottleneck stations, taking into consideration all downstream queues, or only the immediate successor to the current station, normalize the queue at each station by the expected service time and or the number of servers at this station, etc.
EC.5. Notation
e-companion to Author: ec9 π q 1 ,q 2
The steady state probability of the M C(Q 1 , Q 2 ). M q 1 ,q 2 The number of stoppages the TC will see, given she arrives at state (q 1 , q 2 ). W q 1 ,q 2 i The TC's waiting time for Station i (i = 1, 2), given she arrives at state (q 1 , q 2 ). L X (h) Laplace Transform of a RV X. X q 1 ,q 2 ,s The TC's performance measure in the future, given the TCMC is now in (q 1 , q 2 , s). M q 1 ,q 2 ,s The maximum number of stoppages the tagged customer will see, given the TCMC is in (q 1 , q 2 , s). R q 1 ,q 2 ,s Number of sequential times Completion 1 needs to occur, until Station 1 would be idled given the TCMC is in (q 1 , q 2 , s). W s,δ 1 The TC's waiting time for Station 1, given the revised TCMC is in (s, δ) . B s,δ 1 Number of stoppages in Station 1 the TC may experience, given the revised TCMC is in (s, δ). W q 1 ,q 2 ,s 2 The TC's waiting time for Station 2, given the TCMC is in (q 1 , q 2 , s). K q 1 ,q 2 ,s Number of customers the TC may see when she enters queue 2, given the TCMC is in (q 1 , q 2 , s). B q 1 ,q 2 ,s 2 Number of times that Station 2 is starved, given the TCMC is in (q 1 , q 2 , s). S q 1 ,q 2 ,s The TC's sojourn time, given the TCMC is in (q 1 , q 2 , s). 
